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The study of some classes of surfaces with special properties in
E3 such as developable, minimal, II-minimal, and II-ﬂat is one
of the principal aims of the classical differential geometry.
There are many important kinds of surfaces such as cyclic, rev-
olution, helicoid, rotational, canal, ruled surfaces and so on.
This kind of surfaces has an important role and many applica-tics Department, Faculty of
ty 11884, Cairo, Egypt. Tel.:
habdelaziz2005@yahoo.com
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2.004tions in different ﬁelds, such as Physics, Computer Aided Geo-
metric Design and the study of design problems in spatial
mechanism, etc [1,2]. There are many studies that interested
with many properties of these surfaces in Euclidean space
and some characterizations [3,4]. Furthermore, many geome-
ters have studied some of the differential geometric concepts
of the ruled surfaces in Minkowski space [5–8].
A helix (circular helix) is a geometric curve with non-van-
ishing constant curvature j and non-vanishing constant tor-
sion s. It is a special case of a general helix [9–11]. The
general helix is the curve such that the tangent makes a con-
stant angle with a ﬁxed straight line which is called the axis
of the general helix. A classical result stated by Lancret in
1802 and ﬁrst proved by de Saint Venant in 1845 says that:
A necessary and sufﬁcient condition that a curve be a general
helix is that the ratio
s
jgyptian Mathematical Society. Open access under CC BY-NC-ND license.
286 A.T. Ali et al.is constant along the curve, where j and s denote the curvature
and the torsion, respectively [12].
The slant helix is the curve such that the normal line makes
a constant angle with a ﬁxed straight line which is called the
axis of the slant helix [13]. Izumiya and Takeuchi [13] proved
that: A curve is a slant helix if and only if the geodesic curvature
of the principal image of the principal normal indicatrix
j2
ðj2 þ s2Þ3=2
s
j
 0
is constant along the curve.
The determining of the position vector of some different
curves according to the intrinsic equations j= j(s) and
s= s(s) (where j and s are the curvature and torsion of the
curve) is considered as a one of important subjects. Recently,
the parametric representation of general helices and slant heli-
ces as an important special curves in Euclidean space E3 are
deduced by Ali [14,15].
Ruled surfaces are surfaces which are generated by moving
a straight line continuously in the space and are one of the
most important topics of differential geometry [16]. In this pa-
per, we investigate a family of ruled surfaces generated by
some special curves in Euclidean 3-space E3 and we obtained
some important results in the case of general helices and slant
helices as a base curve of this ruled surfaces.2. Basic concepts
Let E3 be a 3-dimensional Euclidean space provided with the
metric given by
h; i ¼ dx21 þ dx22 þ dx23;
where (x1, x2, x3) is a rectangular coordinate system of E
3.
Let c ¼ cðsÞ : I  R! E3 is an arbitrary curve of arc-length
parameter s. Let {e1(s), e2(s), e3(s)} be the moving
Frenet frame along c, then the Frenet formulae is given
by [12]
e01ðsÞ
e02ðsÞ
e03ðsÞ
2
664
3
775 ¼
0 jðsÞ 0
jðsÞ 0 sðsÞ
0 sðsÞ 0
2
664
3
775
e1ðsÞ
e2ðsÞ
e3ðsÞ
2
664
3
775: ð1Þ
where the functions j(s) and s(s) are the curvature and the tor-
sion of the curve c, respectively.
A ruled surface is generated by a one-parameter family of
straight lines and it possesses a parametric representation
Wðs; vÞ ¼ cðsÞ þ v XðsÞ; ð2Þ
where c(s) is called the base curve and X(s) is the unit repre-
sents a space curve which representing the direction of straight
line [17].
If there exists a common perpendicular to two constructive
rulings in the ruled surface, then the foot of the common per-
pendicular on the main rulings is called a central point. The lo-
cus of the central point is called striction curve [4]. The
parametrization of the striction curve on the ruled surface
(2) is given by
~cðsÞ ¼ cðsÞ  hc
0ðsÞ;X0ðsÞi
kX0ðsÞk2 XðsÞ: ð3ÞIf iX0(s)i = 0, then the ruled surface does not have any
striction curve. In this case the ruled surface is cylindrical.
Thus the base curve can take as a striction curve.
The standard unit normal vector ﬁeld U on a surface W can
be deﬁned by:
U ¼ Ws ^WvkWs ^Wvk ; ð4Þ
where Ws ¼ @Wðs;vÞ@s and Wv ¼ @Wðs;vÞ@v . The ﬁrst I and second II
fundamental forms of the surface W are given by, respectively
I ¼ Eds2 þ 2Fdsdvþ Gdv2; ð5Þ
II ¼ eds2 þ 2fdsdvþ gdv2; ð6Þ
where
E ¼ hWs;Wsi; F ¼ hWs;Wvi; G ¼ hWv;Wvi; e
¼ hWss;Ui; f ¼ hWsv;Ui; g ¼ hWvv;Ui:
On the other hand, the Gaussian curvature K, the mean
curvature H and the distribution parameter k are given by,
respectively [18]
K ¼ eg f
2
EG F2 ; ð7Þ
H ¼ Egþ Ge 2Ff
2ðEG F2Þ ; ð8Þ
k ¼ detðc
0;X;X0Þ
kX0k2 : ð9Þ
From Brioschi’s formula in a Euclidean 3-space, we are
able to compute KII of a surface by replacing the components
of the ﬁrst fundamental form E, F and G by the components of
the second fundamental form e, f and g respectively. Conse-
quently, the second Gaussian curvature KII of a surface is de-
ﬁned by [19]:
KII¼ 1ðeg f2Þ2
 1
2
evvþ fsv 12gss 12es fs 12ev
fv 12gs e f
1
2
gv f g



0 1
2
ev
1
2
gs
1
2
ev e f
1
2
gs f g


8><
>:
9>=
>;:
ð10Þ
Having in mind the usual technique for computing the sec-
ond mean curvature HII by using the normal variation of the
area functional for the surfaces in E3 one gets [20]:
HII ¼ Hþ 1
4
DII lnðKÞ
where H and K denote the mean, respectively Gaussian curva-
tures of surface and DII is the Laplacian for functions com-
puted with respect to the second fundamental form II as
metric. The second mean curvature HII can be equivalently ex-
pressed as
HII ¼ Hþ 1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
detðIIÞp
X
i;j
@
@ui
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
detðIIÞ
p
hij
@
@uj
ðln
ﬃﬃﬃﬃ
K
p
Þ
 
; ð11Þ
where (hij) denotes the associated matrix with its inverse (h
ij),
the indices i, j belong to {1, 2} and the parameters u1, u2 are
s, v respectively.
The geodesic curvature, the normal curvature and the geo-
desic torsion which associate the curve c(s) on the surface W
can be computed as follows:
jg ¼ hU ^ e1; e01i; jn ¼ hc00;Ui; sg ¼ hU ^U0; e01i: ð12Þ
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Deﬁnition 2.1 [21]. For a curve c(s) lying on a surface, the
following are well-known:
(1) c(s) is a geodesic curve if and only if the geodesic curva-
ture jg vanishes.
(2) c(s) is an asymptotic line if and only if the normal curva-
ture jn vanishes.
(3) c(s) is a principal line if and only if the geodesic torsion
sg vanishes.
Deﬁnition 2.2 [22].
(1) A regular surface is ﬂat (developable) if and only if its
Gaussian curvature vanishes identically.
(2) A regular surface for which the mean curvature vanishes
identically is called a minimal surface.
(3) A surface is called II-ﬂat if the second Gaussian curva-
ture vanishes identically.
(4) A surface is called II-minimal if the second mean curva-
ture vanishes identically.It is worth noting that the ruled surfaces (2) is developable
if and only if the distribution parameter k of the surfaceW van-
ishes identically [23].
3. Some characterizations of ruled surfaces in general form
For our study, we consider the following generated surface
using a curve c(s) as a base curve:
S : Wðs; vÞ ¼ cðsÞ þ v XðsÞ; X0ðsÞ–0; v 2 R; ð13Þ
where
XðsÞ ¼
X3
i¼1
xi eiðsÞ; ð14Þ
is a unit vector with ﬁxed components, i.e., x21 þ x22 þ x23 ¼ 1.
The natural frame {Ws, Wv} of (13)is given by:
Ws ¼ ð1 vx2jÞe1 þ vðx1j x3sÞe2 þ ðvx2sÞe3;
Wv ¼ x1e1 þ x2e2 þ x3e3:

ð15Þ
From the above equation, we can obtain the components of
the ﬁrst and second fundamental forms of W, respectively, as
the following:
E ¼ ð1 vx2jÞ2 þ v2ðx1j x3sÞ2 þ ðvx2sÞ2;
F ¼ x1;
G ¼ 1;
8><
>: ð16Þ
e¼ 1
A
x2ðsj0 js0Þx1 x22þx23
	 

s3x3ð13x21Þjs2x1ð13x23Þj2s

x3 x21þx22
	 

j3

v2þ 2x2ðx3jþx1sÞjx1x3j0 þ ðx2þx3Þ2s0
h i
vx3j
i
;
f¼ 1
A
x22þx23
	 

sx1x3j
 
;
g¼ 0;
8>>><
>>>:
ð17Þ
where
A2 ¼ x21 þ x22
	 

j2  2x1x3jsþ x22 þ x23
	 

s2
 
v2  2x2jvþ x22
2þ x3:Making use of the data described above, the Gaussian cur-
vature K, the mean curvature H and the distribution parame-
ter k are given respectively, by
K ¼  f
2
E F2 ; ð18Þ
H ¼ e 2Ff
2 E F2	 
 ; ð19Þ
k ¼ s x
2
2 þ x23
	 
 jx1x3
x22ðj2 þ s2Þ þ ðx1j x3sÞ2
: ð20Þ
Also, from (10) the second Gaussian curvature of W is gi-
ven as follows:
KII ¼ fðevv  2fsvÞ  ðev  2fsÞfv
2f3
¼ 1
2f
@
@v
ev  2fs
f
 
: ð21Þ
From (18)–(21) and (11), at the point (s, 0), we have the fol-
lowing results respectively
K ¼  x1x3
x22 þ x23
 
j s
 2
; ð22Þ
H ¼ x3ð1 2x
2
1Þjþ 2x1 x22 þ x23
	 

s
2 x22 þ x23ð Þ3=2
; ð23Þ
HII ¼ 1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x22 þ x23
p
x1x3j x22 þ x23ð Þ2s
h i2
 2x1 x22 þ x23
	 

3x1x3j x22 þ x23
	 

s
 
s2 þ j2
 x3 x22 x22 þ x23
	 
2  x41 x22  2x23	 

h i
j

þx2 x22 þ x23
	 
 s
j
 0
þ x22 þ x23
	 

2x1 x
2
1ðx22  3x23Þ
	
þ x22ðx2 þ x23Þ

j2  x2 x22 þ x23
	 

j0


s
þ x1x2x3 x22 þ x23
	 

jj0

; ð24Þ
KII¼ 1
2 x22þx23ð Þ3=2 x1x3j x22þx23ð Þ2s
h i2
 x31x3 x22þx23
	 

j½x2j0 4x3js

þx41x3 x23x22
	 

j3x1 x22þx23
	 
2
2x22s
3þ2x23sðs2j2Þ
	
x2x3jj0Þx21 x22þx23
	 

j x3 2x
2
2þx23
	 

j25 x22þx23
	 

s2
 	
þx2 x22þx23
	 

s0

 x22þx23	 
2j x3 x23s2þx22ðj2þ s2Þ 	
þx2 x22þx23
	 

s0


: ð25Þ
Furthermore, we will use (12) to get the geodesic curvature,
the normal curvature and the geodesic torsion which associate
the curve c(s) on the surface W as the following forms,
respectively:
jg ¼ j
A
x2  x21 þ x22
	 

j x1x3s
 
v
 
; ð26Þ
jn ¼ j
A
½x3  x2ðx3jþ x1sÞv; ð27Þ
sg ¼ 1
A2
x2x3j
2  v x3ðx21 þ 2x22Þj3 þ x1 x22  2x23
	 

j2s
	
þx3 x22 þ x23
	 

js2 þ x2 x22 þ x23
	 

j2
s
j
 0
þx2 x22 þ x23
	 

s x1x3j
 
j0j0

þ x2v2 ðx3jþ x1sÞð
 j x22ðj2 þ s2Þ þ ðx1j x3sÞ2
h i
þ x2j3 sj
 0i
: ð28Þ
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jg ¼ x2jﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x22 þ x23
p ; jn ¼ x3jﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x22 þ x23
p ; sg ¼ x2x3j2
x22 þ x23
: ð29Þ
Then we have the following properties:
jgjn ¼ sg; j2g þ j2n ¼ j2: ð30Þ
From (14) and (1), it is easy to see that the parametrization
of the striction curve on the ruled surface (13) is deﬁned by:
~cðsÞ ¼ cðsÞ þ x2jkX0ðsÞk2 XðsÞ: ð31Þ
From the above study, one can formulate the following
corollaries:
Corollary 3.1. At the point (s, 0), the ruled surface (13) is a ﬂat
surface if and only if the curve c(s) is a general helix with
sðsÞ
jðsÞ ¼ x1x3x2
2
þx2
3
.
Corollary 3.2. At the point (s, 0), the ruled surface (13) is a
minimal surface if and only if the curve c(s) is a general helix
with sðsÞjðsÞ ¼
x3ð2x211Þ
2x1 x
2
2
þx2
3ð Þ.
In the following we will compute the Gaussian curvature K,
the mean curvature H, the second Gaussian curvature KII, the
second mean curvature HII as well as the geodesic curvature
jg, the normal curvature jn, and the geodesic torsion sg in a
special cases, respectively.
Case 3.1. At x1 = 0, the ruled surface (13) has the following:
K ¼ s2; H ¼  x3j
2
;
KII ¼  j
2s2
x3 x
2
2j
2 þ s2	 
þ x2s0 ;
HII ¼ 1
2s2
2x2ð2sj0  js0Þ  x3jð2x22j2 þ 3s2Þ
 
;
jg ¼ x2j; jn ¼ x3j; sg ¼ x2x3j2:
ð32Þ
Corollary 3.3. At the point (s, 0), the ruled surface (13) with
x1 = 0 is:
(1) Flat surface if the base curve is a plane curve.
(2) Minimal surface if the base curve is straight line.
(3) II-minimal surface if the base curve has the following
characterization
2x2ð2sj0  js0Þ  x3j 2x22j2 þ 3s2
	 
 ¼ 0:
(4) II-Flat surface if the base curve has the following
characterization
s0 ¼ x3
x2
x22j
2 þ s2	 
:
Case 3.2. At x2 = 0, the ruled surface (13) has the following:
K ¼  x1j
x3
 s
 2
; H ¼ KII ¼ 1
2
x21
x23
 1
 
j x1
x3
 
s;
HII ¼  1
2
x21
x23
þ 3
 
jþ x1s
x3
 
; jg ¼ 0; jn ¼ j; sg ¼ 0:
ð33ÞCorollary 3.4. At the point (s, 0), in the ruled surface (13) with
x2 = 0 the following are satisﬁed:
(1) The ruled surface is a ﬂat surface if the base curve is gen-
eral helix with sðsÞ ¼ x1x3
 
jðsÞ.
(2) The ruled surface is II-minimal surface if the base curve is
general helix with sðsÞ ¼  1
2
x1
x3
þ 3x3x1
 
jðsÞ.
Corollary 3.5. At the point (s, 0), in the ruled surface (13) with
x2 = 0 the following statements are equivalent:
(1) The ruled surface is a minimal surface.
(2) The ruled surface is II-ﬂat surface.
(3) The base curve is general helix with sðsÞ ¼ 1
2
x1
x3
 x3x1
 
jðsÞ.
Case 3.3. At x3 = 0, the ruled surface (13) has the following:
K¼s2; H¼ x1s
x2
 
;
KII¼ 2x1x2s
3þjs0
2x22s2
 
; HII¼x2ð2sj
0 js0Þx1ð2j2þx22s2Þs
x32s2
;
jg¼j; jn¼0; sg¼0:
ð34Þ
Corollary 3.6. At the point (s, 0), the ruled surface (13) with
x3 = 0 is:
(1) Flat surface if the base curve is a plane curve.
(2) Minimal surface if the base curve is a plane curve.
(3) II-ﬂat surface if the base curve has the intrinsic equations
j ¼ jðsÞ and s ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c1  4x1x2
R
ds
jðsÞ
q ;
where c1 is an arbitrary constant.
(4) II-minimal surface if the base curve has the intrinsic
equations
j ¼ jðsÞ and s ¼ j
2ðsÞ e
2x1
x2
R
jðsÞdsﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2 þ 2x1x2
R
j3ðsÞ e
4x1
x2
R
jðsÞds
ds
q ;
where c2 is an arbitrary constant.
Case 3.4. At x1 = x2 = 0 and x3 = 1, the ruled surface (13) at
the point (s,0), has the following:
K ¼ s2; HII ¼ 3H ¼ 3KII ¼  3j
2
 
;
jg ¼ 0; jn ¼ j; sg ¼ 0:
ð35Þ
Corollary 3.7. At the point (s, 0), the ruled surface (13) with
x1 = x2 = 0 and x3 = 1 is ﬂat if the base curve is a plane curve.
Corollary 3.8. At the point (s, 0), the ruled surface (13) with
x1 = x2 = 0 and x3 = 1, the following statements are
equivalent:
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(2) The ruled surface is II-minimal surface.
(3) The ruled surface is II-ﬂat surface.
(4) The base curve is a straight line.
Case 3.5. At x1 = x3 = 0 and x2 = 1, the ruled surface (13)
has the following:
K ¼ s2; H ¼ 0;
KII ¼  js
0
2s2
 
; HII ¼ 2sj
0  js0
2s2
;
jg ¼ j; jn ¼ 0; sg ¼ 0:
ð36Þ
Corollary 3.9. At the point (s, 0), the ruled surface (13) with
x1 = x3 = 0 and x2 = 1 is ﬂat if the base curve is a plane curve.
Corollary 3.10. At the point (s, 0), the ruled surface (13) with
x1 = x3 = 0 and x2 = 1 is minimal surface.
Corollary 3.11. At the point (s, 0), the ruled surface (13) with
x1 = x3 = 0 and x2 = 1 is II-ﬂat surface if the base curve has a
constant torsion.
Corollary 3.12. At the point (s, 0), the ruled surface (13) with
x1 = x3 = 0 and x2 = 1 is II-minimal surface if the intrinsic
equations of the base curve are:
j ¼ jðsÞ and s ¼ c3 j2ðsÞ;
where c3 is an arbitrary constant.
Case 3.6. At x2 = x3 = 0 and x1 = 1, the ruled surface (13)
has the following:
K ¼ 0; H ¼  s
2vj
 
;
jg ¼ j; jn ¼ 0; sg ¼ 0:
ð37Þ
Corollary 3.13. The ruled surface (13) with x2 = x3 = 0 and
x1 = 1 is a ﬂat (developable) surface.
Corollary 3.14. The ruled surface (13) with x2 = x3 = 0 and
x1 = 1 is minimal if the base curve is a plane curve.
It is worth noting that the second mean curvature and sec-
ond Gaussian curvature are deﬁned only on the non-develop-
able surfaces.
Remark 3.15. On the ruled surface (13) with x2 = x3 = 0 and
x1 = 1 we have Ws  Wv = vje3. The normal vector on this
surface is U= e3. While, at the point (s, 0), the normal vector
is not deﬁned because Ws  Wv = 0. Therefore, all curvatures
K, H, HII, KII, jg, jn and sg are not deﬁned at the point (s, 0).4. Ruled surfaces generated by some special curves
In this section, we consider ruled surfaces generated by some
important special curves such as general helices and slant
helices.4.1. Ruled surfaces generated by general helices
Theorem 4.1. [14]:The position vector c of general helix is
expressed in the natural representation form as follows:
cðsÞ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1n2
p

Z
cos
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þm2
p Z
jðsÞds
 
; sin
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þm2
p Z
jðsÞds
 
;m
 
ds;
ð38Þ
where m ¼ nﬃﬃﬃﬃﬃﬃﬃ
1n2
p ; n ¼ cos½/ and / is the angle between the
ﬁxed straight line e3 (axis of a general helix) and the tangent
vector of the curve c.
From the above theorem we have
e1ðsÞ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1n2
p
cos
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þm2p R jðsÞds ;sin ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1þm2p R jðsÞds ;m	 
;
e2ðsÞ¼ sin
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þm2p R jðsÞds ;cos ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1þm2p R jðsÞds ;0	 
;
e3ðsÞ¼ ncos
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þm2p R jðsÞds ;nsin ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1þm2p R jðsÞds ; ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1n2p :
8><
>:
ð39Þ
Then the position vectorW(s, v) = (W1, W2, W3) of the ruled
surfaces (13) generated by the general helix takes the following
form:
W1¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃ
1þm2
p R cos½Hdsþ v ðx1mx3Þcos½H ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1þm2p x2 sin½H  ;
W2¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃ
1þm2
p R sin½Hdsþ v ðx1mx3Þsin½Hþ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1þm2p x2 cos½H  ;
W3¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃ
1þm2
p ½msþ vðmx1þx3Þ;
8>><
>>:
ð40Þ
where H ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1þm2p R jðsÞds.
Here, we introduced the position vector of ruled surfaces
generated by some special cases of general helices:
Case (1) In this case we take a circular helix (the curvature
and torsion are constants) with the intrinsic
equations
jðsÞ ¼ j and sðsÞ ¼ m j:
Then the components of the position vector of the ruled
surfaces generated by circular helix are:
W1 ¼ 1jð1þm2Þ ½1 ð1þm2Þx2jv sin
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þm2p js 
þ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1þm2p ðx1 mx3Þjv cos ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1þm2p js ;
W2 ¼ 1jð1þm2Þ ð1þm2Þx2jv 1½  cos
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þm2p js 
þ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1þm2p ðx1 mx3Þjv sin ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1þm2p js ;
W3 ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃ
1þm2
p msþ vðmx1 þ x3Þ½ :
8>>>>><
>>>>:
ð41ÞCase (2) In this case we take a general helix with the intrinsic
equations given by
jðsÞ ¼ a
s
and sðsÞ ¼ m a
s
;
where a is an arbitrary constant. Then the components of the
position vector of the ruled surface take the form:
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1þm2
p s
1þb2þðx1mx3Þv
 
cos½Hþ as
1þb2x2v
 
sin½H
h i
;
W2¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃ
1þm2
p s
1þb2þðx1mx3Þv
 
sin½H as
1þb2x2v
 
cos½H
h i
;
W3¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃ
1þm2
p ½msþ vðmx1þx3Þ;
8>>><
>>>:
ð42Þ
where b ¼ a ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1þm2p and H= bLog[s].
Case (3) In this case we take a spherical general helix with the
intrinsic equations are [24,25]:jðsÞ ¼ aﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1m2s2
p and sðsÞ ¼ m aﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1m2s2
p ;
where a is an arbitrary constant. The components of the posi-
tion vector of the ruled surface can be written as:
W1¼ nm ðx1mx3Þv m
2s
a2ð1þm2Þm2
h i
cos½Hþ a
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1m2s2
p
a2ð1þm2Þm2x2v
h i
sin½H;
W2¼ nm ðx1mx3Þv m
2s
a2ð1þm2Þm2
h i
sin½H a
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1m2s2
p
a2ð1þm2Þm2x2v
h i
cos½H;
W3¼ nm ½msþ vðmx1þx3Þ;
8>><
>>:
ð43Þ
where H ¼ a
n
sin1½ms.
4.2. Ruled surfaces generated by slant helices
Theorem 4.2. [15]:The position vector c= (c1(s), c2(s), c3(s))
of a slant helix is computed in the natural representation form:
c1ðsÞ ¼ nm
R R
jðsÞ cos 1
n
arcsin m
R
jðsÞds	 
 ds ds;
c2ðsÞ ¼ nm
R R
jðsÞ sin 1
n
arcsin m
R
jðsÞds	 
 ds ds;
c3ðsÞ ¼ n
R R
jðsÞds ds;
8><
>: ð44Þ
where m ¼ nﬃﬃﬃﬃﬃﬃﬃ
1n2
p , n = cos[/] and / is the angle between the
ﬁxed straight line (axis of a slant helix) and the principal nor-
mal vector of the curve c.
From the above theorem we can compute the tangent
e1 = (e11(s), e12(s), e13(s)), the normal e2 = (e21(s), e22(s),
e23(s)) and the binormal e3 = (e31(s), e32(s), e33(s)) as the
following:
e11ðsÞ ¼ nm
R
jðsÞ cos 1
n
arcsinðm R jðsÞdsÞ ds;
e12ðsÞ ¼ nm
R
jðsÞ sin 1
n
arcsinðm R jðsÞdsÞ ds;
e13ðsÞ ¼ n½
R
jðsÞds;
8><
>: ð45Þ
e21ðsÞ ¼ nm cos 1n arcsinðm
R
jðsÞdsÞ ;
e22ðsÞ ¼ nm sin 1n arcsinðm
R
jðsÞdsÞ ;
e23ðsÞ ¼ n;
8><
>: ð46Þ
e31ðsÞ ¼ n2m
R
jðsÞ sin 1
n
arcsinðm R jðsÞdsÞ ds
 R jðsÞds	 
 sin 1
n
arcsin m
R
jðsÞds	 
 ;
e32ðsÞ ¼ n2m
R
jðsÞds	 
 cos 1
n
arcsin m
R
jðsÞds	 
 
 R jðsÞ cos 1
n
arcsinðm R jðsÞdsÞ ds
e23ðsÞ ¼ nm
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1m2ðR jðsÞdsÞ2
q
:
8>>>><
>>>>>:
ð47Þ
Then the position vectorW(s, v) = (W1, W2, W3) of the ruled
surface (13) generated by the slant helix takes the following
form:W1¼ nm
R ½R jðsÞcos½Udsdsþ v ðx2x1Hmx3 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1H2p Þcos½U
h
þ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1þm2p x1 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1H2p x3H
 
sin½U
i
;
W2¼ nm
R ½R jðsÞsin½Udsdsþ v ðx2mx1Hmx3 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1H2p Þsin½U
h
 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1þm2p x1 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1H2p x3H
 
cos½U
i
;
W3¼ nm
R
Hdsþ vðx1Hþmx2þx3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1H2
p
Þ
h i
;
8>>>>>><
>>>>>>:
ð48Þ
where H ¼ m R jðsÞds and U ¼ 1
n
arcsin½H.
In what follows, we presented the position vector of some
important slant helices such as Salkowski, antiSalkowski,
spherical slant helix.
Case (1) In this case, we take a Salkowski curve [26,27] whose
intrinsic equations are:
j ¼ 1; s ¼ m sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1m2 s2
p : ð49Þ
The explicit parametric representation of such curve can be
written as follows:
w1ðtÞ¼ n4m n12nþ1 cos½ð2nþ1Þtþ nþ12n1 cos½ð2n1Þt2cos½t
h i
;
w2ðtÞ¼ n4m n12nþ1 sin½ð2nþ1Þt nþ12n1 sin½ð2n1Þt2sin½t
h i
;
w3ðtÞ¼ n4m2 cos½2nt;
8>><
>>:
ð50Þ
where t ¼ 1
n
arcsinðmsÞ.
Case (2) In this case, we take an anti-Salkowski curve [26,27]
with its intrinsic equations are:
j ¼ m sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1m2 s2
p ; s ¼ 1: ð51Þ
This curve has the following explicit parametric
representation:
w1ðtÞ¼ n4m n12nþ1 sin½ð2nþ1Þtþ nþ12n1 sin½ð2n1Þt2nsin½t
h i
;
w2ðtÞ¼ n4m 1n1þ2n cos½ð1þ2nÞt 1þn12n cos½ð12nÞtþ2ncos½t
h i
;
w3ðtÞ¼ n4m2 ð2nt sin½2ntÞ;
8>><
>>:
ð52Þ
where t ¼ 1
n
arcsinðmhÞ and h ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1m2s2
p
m
.
Case (3) In this case, we take a circular slant helix [24] which
has intrinsic equations are:
j ¼ l
m
cos½l s; s ¼ l
m
sin½l s; ð53Þ
The natural representation of such curve is in the following
form:
w1ðsÞ ¼  m2n l ð1þ n2Þ cos½l s cos½l sn  þ 2n sin½l s sin½l sn 
 
;
w2ðsÞ ¼  m2n l ð1þ n2Þ cos½l s sin½l sn   2n sin½l s cos½l sn 
 
;
w3ðsÞ ¼  nm l cos½l s:
8><
>:
ð54Þ
Figure 1 Some ruled surfaces generated by circular helices.
Figure 2 Some ruled surfaces generated by circular helices.
Ruled surfaces generated by some special curves in Euclidean 3-Space 291The above curve is a geodesic of the tangent developable of
a general helix [13].
In the following remarks, we will illustrate in what values
the graph plotted.
Remark 4.3. It is worth noting that:
(1) The ruled surfaces generated by circular general helices
are illustrated by graph in Figs. 1 and 2.(2) The ruled surfaces generated by spherical general helices
are illustrated by graph in Figs. 3 and 4.
(3) The ruled surfaces generated by Salkowski curves are
illustrated by graph in Figs. 5 and 6.
(4) The ruled surfaces generated by circular slant helix is
illustrated by graph in Figs. 7 and 8.
Remark 4.4. We will take the symbols (L, M and R) that
means (Left, Middle and Right) in the graph, respectively.
Figure 3 Some ruled surfaces generated by spherical general helices.
Figure 4 Some ruled surfaces generated by spherical general helices.
Figure 5 Some ruled surfaces generated by Salkowski curves.
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Figure 6 Some ruled surfaces generated by Salkowski curves.
Figure 7 Some ruled surfaces generated by circular slant helices.
Figure 8 Some ruled surfaces generated by circular slant helices.
Ruled surfaces generated by some special curves in Euclidean 3-Space 293Fig. 1: L: (j= m= 1, x1 = x2 = 0, x3 = 1), M: (j= 1,
m= 3, x1 = x3 = 0, x2 = 1), R: ðj ¼
ﬃﬃﬃ
3
p
;m ¼ 2; x2 ¼
x3 ¼ 0; x1 ¼ 1Þ.Fig. 2: L: ðj ¼ 3
2
;m ¼ 2; x1 ¼ x2 ¼ x3 ¼ 1ﬃﬃ3p Þ, M:ðj ¼ 2;m ¼ 1; x1 ¼ x2 ¼ 12 ; x3 ¼ 1ﬃﬃ2p Þ, R: ðj ¼ 2;m ¼ 23 ; x1 ¼
1ﬃﬃ
2
p ; x2 ¼ 1ﬃﬃ6p ; x3 ¼ 1ﬃﬃ3p Þ.
294 A.T. Ali et al.Fig. 3: L: ða ¼ 2;m ¼ 1; x1 ¼ 0; x2 ¼ x3 ¼ 1ﬃﬃ2p Þ, M:ða ¼ 1
2
;m ¼ 2
3
; x2 ¼ 0; x1 ¼ 2ﬃﬃ5p ; x3 ¼ 1ﬃﬃ5p Þ, R: ða ¼ 3;m ¼ 1;
x3 ¼ 0; x1 ¼
ﬃﬃ
3
p
2
; x2 ¼ 12Þ.
Fig. 4: L: ða ¼ 3
4
;m ¼ 1; x1 ¼ 1ﬃﬃ3p ; x2 ¼
ﬃﬃ
5
p
2
ﬃﬃ
2
p ; x3 ¼ 12Þ, M:
ða ¼ m ¼ 2; x1 ¼ x3 ¼ 12 ; x2 ¼ 1ﬃﬃ2p Þ, R: ða ¼ 32 ;m ¼ 34 ; x1 ¼
1ﬃﬃ
2
p ; x2 ¼ 1ﬃﬃ6p ; x3 ¼ 1ﬃﬃ3p Þ.
Fig. 5: L: ðm ¼ 1
2
; x1 ¼ 0; x2 ¼ x3 ¼ 1ﬃﬃ2p Þ, M: ðm ¼ 3; x2 ¼ 0;
x1 ¼ 12 ; x3 ¼
ﬃﬃ
3
p
2
Þ, R: ðm ¼ 1; x3 ¼ 0; x1 ¼ 23 ; x2 ¼
ﬃﬃ
5
p
3
Þ.
Fig. 6: L: ðm ¼ 1; x1 ¼ x2 ¼ x3 ¼ 1ﬃﬃ3p Þ, M: ðm ¼ 15 ; x1 ¼
x2 ¼ 12 ; x3 ¼ 1ﬃﬃ2p Þ, R: ðm ¼ 2; x1 ¼ 1ﬃﬃ2p ; x2 ¼ 1ﬃﬃ6p ; x3 ¼ 1ﬃﬃ3p Þ.
Fig. 7: L: (l= 5, m= 1, x1 = x2 = 0, x3 = 1), M:
(l= 3, m= 1, x1 = x3 = 0, x2 = 1), R: (l= 3, m= 1,
x2 = x3 = 0, x1 = 1).
Fig. 8: L: ðl ¼ 10;m ¼ 2; x1 ¼ x2 ¼ x3 ¼ 1ﬃﬃ3p Þ, M: ðl ¼ 12 ;
m ¼ 1
10
; x1 ¼ x2 ¼ 12 ; x3 ¼ 1ﬃﬃ2p Þ, R: ðl ¼ 12;m ¼ 3; x1 ¼ 1ﬃﬃ2p ;
x2 ¼ 1ﬃﬃ6p ; x3 ¼ 1ﬃﬃ3p Þ.References
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